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Abstract. In this paper a statistical selection of relevant features is presented.
An experiment was designed to select relevant and not redundant features or
characterization functions, which allow quantitatively discriminating among
different types of complex networks. As well there exist researchers given to
the task of classifying some networks of the real world through characterization
functions inside a type of complex network, they do not give enough evidences
of detailed analysis of the functions that allow to determine if all of them are
necessary to carry out an efficient discrimination or which are better functions
for discriminating. Our results show that with a reduced number of
characterization functions such as the shortest path length, standard deviation of
the degree, and local efficiency of the network can discriminate efficiently
among the types of complex networks treated here.

1 Introduction

Any natural or artificial complex system of the real world as Internet, can be modeled
as a complex network, where the nodes are elements of the system and the edges
interactions between elements [1][2]. The term complex network refers to a graph
with a non trivial topologic structure, this has motivated the study of topological
characteristics of real networks [3][4] to identify characteristics that allow the
discrimination among different types of complex networks and in this way optimize
the performance of processes carried out in this networks as: search of distributed
resources [1][5], traffic management and design of routing algorithms.
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Up to now the best way to identify the type of complex network has been
observing the graphic of the degree distribution. This work presents a statistical
selection of a set of characterization functions that allow quantitatively identified the

type of complex network.

1.1 Characterization Functions of Complex Networks.

The characterization functions provide information about the topological
characteristics of a complex network, when they are applied on a network, a vector of
characteristic is obtained [6]. Through this vector, the behavior of the complex
networks is characterized and analyzed. The characterization functions used in this
work were: average degree of the network (Avg), standard deviation of the degree
(Std), shortest path length (L), diameter (D), clustering coefficient (CG), global
efficiency (EG) and local efficiency (EL), these characterization functions are

described and detailed in [6].

One characterization function widely used to identify the type of complex network
is the degree distribution which provides graphic information about the connectivity
behavior of the nodes; through this function different types of networks as random
networks, scale-free networks and exponential networks can be identified.

1.2 Three Types of Complex Networks.

Toward ends of the 50's and beginnings of 60's Erdés and Rényi focused in studying
statistical properties in graphs where the connection among the nodes is established
randomly, these graphs are called random networks and they are characterized for
approaching a degree distribution binomial when the number of nodes n is small;
when 77 = ®  the degree distribution approaches a Poisson distribution, in these
graphs the nodes have approximately the same degree, nearby to the average degree
of the network [7].

In the decade of the 90's diverse researchers [8][9], discovered networks of the real
world as Internet exhibits a degree distribution following a power law distribution,
these networks are called scale-free, because independently of the scale (number of
nodes) the main characteristic of the network does not change, a reduced set of nodes
have a very high degree and the rest of the nodes have a small degree [10][11].

Some natural networks exhibit an exponential distribution [12][13], where the
majority of the nodes have a degree closer to the average degree and other nodes with
a high degree can be observed, these networks are called exponential networks. To
analyze the characteristics of these networks and to understand the phenomena carried
out in them, generation models of complex networks have been created.
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1.3 Generation Models of Complex Networks

The generation models of networks are an important tool to reproduce graphs sharing
topological characteristics of networks of the real world making possible its study
[11]. Some generation models are the Erdés-Rényi (ER) model [7] that reproduces
random networks, the Barabasi-Albert (BA) model [14] that reproduces scale free
networks and the Liu model [15] that reproduces scale free and exponential networks.

2 Related Work

A recent application in the field of complex networks, is used information obtained
through the characterization functions with the objective to discriminate among
different types of complex networks, this application is related with the area of pattern
recognition also known as classification. The classification of naturals and artificial
structures modeled as complex networks implicate an important question: what
characterization functions to select in order to discriminate among different types of
complex networks [6]. :

In the classification area the selection of features (in this case, characterization
functions) has great benefits: to improve the performance of classification procedure,
and to construct simple and comprehensible classification models, these are achieved
leaving aside, irrelevant and redundant characteristics that can introduce noise
[16][17].

The work reported in [6], used a classification procedure to identify the type of a
network with unknown nature, the results show that the type of network assigned to
the networks, vary according to the characterization functions selected and an
excessive number of characterization functions can compromise the quality of the
classification.

An experimentation to evaluate the stability and separability of different types of
networks is presented in [18], taking into account 6 topologies of networks to
discriminate, 47 characterization functions are used as inputs to the classifiers. This
work does not present evidences of a selection of relevant and not redundant
characterization functions.

In [19], the objective is to determine from a set of models those describing more
adequately networks that represent biological systems, a technique described in [?0]
was utilized for extracting characteristics serving as inputs to the classifier permitting
to relate an instance generated by a model with a real instance. Though the results of
classification obtained are good, they do not show if the characteristics extracted.by
the technique improve the performance of the classifier regarding the infor_matlon
provided by characterization functions extensively used in the field of the physics and
the social sciences. In [21] networks in 3 types of topology are classified by means of
a neural network; the eigenvalues of the adjacency matrix are utilized as inputs of the
neural network.
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3 Experimentation

Following a general scheme of procedures described in [22] an experiment was
designed, to determinate, given a set of characterization functions, the functions
permitting quantitatively discriminate among three types of complex networks:
random networks, scale free networks and exponential networks.

In other words, 3 different populations are defined for each type of networks, from
which topological characteristics are extracted, if the averages of those characteristics
are significantly different and the populations do not overlap then those characteristics
can help to distinguish networks of those populations. Three possible results of
classifying networks can be observed:

Case 1: There are significant differences among the 3 types of networks according
to a set of characteristics, in this way through these characteristics a new network
can be classified inside a type of network.

Case 2: There exist significant differences among some of the types of networks
according to a set of characteristics.

Case 3: There does not exist significant differences among the 3 types of networks
according to a set of characteristics, these two last cases lead to wrong
classifications of new networks that need to be identified.

Instances of complex networks were generated to carry out the experimentation,
through the models of E-R (random networks), BA (scale free networks) and Liu
(exponential networks), with 200, 512 and 1024 nodes by each type of network;
subsequently topologic characteristics were extracted such as: average degree (Avg),
standard deviation of the degree (Std), clustering coefficient (CG), global efficiency
(EG), local efficiency (EL), the shortest path length (L), diameter (D). The statistical
packages MINITAB and SAS were utilized to study these characteristics.

In the related works, the networks have the same number of nodes and edges, so
the average degree is equal for each type of network; in this experimentation the
number of edges with the purpose of introducing variability to the experiment and
carry to correct conclusions is not determined. In [18] it was observed that
determining the number of edges aid to understand phenomena of interest but
introduces dangers in statistical tests.

In this way, two factors that can influence in the process of characterization were
identified; these factors can be controlled without affecting data normality: the type of
network and the number of nodes. The factor, type of network, is composed of 3
levels, represented by the 3 types of networks being analyzed. The factor, number of
nodes, is also composed of 3 levels, 200, 512 and 1024 nodes. Giving the
characteristic of the problem a two-factor factorial design was chosen. The
significance level & was set in 0.05.

The operation characteristics curves was used to determine the number of instances
of networks n, appropriate for detecting significant differences. Through this
procedure it was determined that with n = 4 instances a probability of 98% is obtained
to detect differences up to 0.01 this procedure can be found in [22]. Due that this
experiment was extended to the classification, n = 4 was taken as the minimum
number of instances to generate; n = 30 instances was set for the experimental design.
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According to the fixed effects model describing to a two-factor factorial design
[22] a hypothesis were formulated to detect significant differences. A Multivariate
Analysis of Variance General (GML) was carried out to obtain results permitting to
reject or to accept the hypothesis, these results are discussed subsequently.

Table 1. F, values calculated by GLM for each variable.
Avg Std CG EG EL L D

Type of
etwork 178.47 12439  220.18  507.82 5521 566.56 523.72
Number
ofadas 32.80 50.45 1.70 1050 1.07 39.11 21.07

Interaction 32.70 20.87 0.56 3.57 0.18 13.90 10.01

The values showed in Table 1, were compared with the criteria for rejection
associate to the hypothesis formulated, it can be observed that according to the type of
network, the characterization functions satisfy the criteria for rejection, therefore, it
can be concluded that all the characterization functions differ significantly according
to the type of network.

For the effect of the number of nodes, and the effect of the interaction between the
type of network and number of nodes, the criteria for rejection are satisfied for Avg,
Std, EG, L and D, therefore, it can be concluded that these characterization functions
differ significantly according to the number of nodes presented in the network, and
the interaction between the type of network and the amount of nodes.

The analysis of the residuals of Avg and CG, showed abnormalities, this is because
in spite of the fact that the number of edges was not determined, Avg and CG for
scale free and exponential networks, were defined by initial parameters employed by
-the models of generation, on the other hand the plots of Std, EL, EG, L, D showed
normality.

MANOVA tests shown in Table 2, for the type of network, the quantity of nodes
and the interaction, are statistically significant, by which the significant differences
detected in the analysis of a variable at one time are reaffirmed, being real and not
false positive. Due that the values of F0 are greater for factor of type of network, it is
concluded that this factor has greater influence in the values obtained by the
characterization functions.

Table 2. Fy-values calculated for the MANOVA test and values of F distribution.

Type of network  Number of nodes Interaction
MANOVA Test F, F F, F F, F
Wilks’ 515.91 123 88.62 123, 15::32:90 Jk T,
Pilliai’s 391.57 1234+ 34:52 123451704 1.47
Lawley-Hotelling ~ 676.26 12818388 51.21.23 +,6626 1.1%
Roy’s 11379751295 1136789 4129 i 25028 &4y 1129

Once it was detected that the characterization functions differ significantly
according to the type of network and this factor has greater effect, using the test of
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Tukey, multiple comparisons were carried out, with the objective of detecting which
characterization functions differ significantly in each level of the factor of type of

network. : .
Tukey's tests carried out showed the means of the characterization functions Avg,

EL, EG and CG are significantly equal for scale free and exponential networks, and
for the random networks the mean is significantly greater. For the function Std, the
means of the scale free and random networks are significantly equal and for the
exponential networks it is significantly smaller. The characterizations functions Whe.re
significant differences in the means of the random, scale free and'expor‘]entlal
networks were observed are L and D. Then it can be conclude, according with the
cases mentioned above, that the Avg, Std, EL, EG, and CG functions are weak
relevant characteristics; the L and D functions are very relevant characteristics.

The characterization functions selected to discriminate among different types of
networks, were L, Std and EL, in this way a characterization function of each group
representing‘the cases 1 and 2 were taken into account. The Avg and CG were not
taken into account because of the abnormalities presented in the plots of the residuals,
thus D and EG also were excluded because of being highly correlated with L, which
indicates redundancy.

To obtain an efficient classifier of networks, a quadratic discriminant analysis was
carried out with different combinations of the characterization functions selected,
using in both cases the cross-validation procedure. In Table 3, the percentages of
networks classified correctly inside each type of network, are shown and the total

percentage of correct classifications.

Table 3. Results of the Quadratic Discriminant Analysis.

Quadratic Discriminant Analysis
Combination Random Scale Free Exponential Total
of variables Networks Networks Networks
L 97.8% (88/90) 78.9% (71/90)  50.0% (45/90) 75.6%
L, Std 97.8% (88/90) 88.9% (79/90) 95.6% (84/90) 94.1%
L Bl 97.8% (88/90) 72.2% (63/90)  66.7% (60/90)  78.9%
Ly Sid, EL 98.9% (89 /90)  100% (90/90) 100% (90/90)  99.6%

4 Conclusions and Future Work

An experimental design was presented for the purpose of selecting statistically
characterization functions of complex networks relevant and not redundant, the results
obtained in the experimentation show that the shortest path length, the standard
deviation and the local efficiency, permit in a quantitative way to discriminate among
random networks, scale free networks and exponential networks. By means of the
quadratic discriminant analysis an accuracy of classification of the 99.6% was
obtained, the size of the sample was justified statistically. As it can be appreciated in
this work the number of characterization functions is very small in relation to the 47
functions utilized in [17], this reduces dramatically the time of computation required
for the classification of complex networks.
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In future works it is recommended to extend this experimental design for networks
with greater amount of nodes and other types of networks, besides it is recommended
to work with procedures and algorithms for selection of characteristics utilized in the
area of machine learning in order to compare the results obtained with this
experimental design, and work with real instances of graphs as Internet.
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